Abstract. In classical logic, existential and universal quantifiers express that there exists at least one individual satisfying a formula, or that all individuals satisfy a formula. In many logics, these quantifiers have been generalized to express that, for a non-negative integer § , at least § individuals or all but § individuals satisfy a formula. In modal logics, graded modalities generalize standard existential and universal modalities in that they express, e.g., that there exist at least § accessible worlds satisfying a certain formula. Graded modalities are useful expressive means in knowledge representation; they are present in a variety of other knowledge representation formalisms closely related to modal logic. A natural question that arises is how the generalization of the existential and universal modalities affects the decidability problem for the logic and its computational complexity, especially when the numbers in the graded modalities are coded in binary. In this paper we study the graded¨-calculus, which extens graded modal logic with fixed-point operators, or, equivalently, extends classical¨-calculus with graded modalities. We prove that the decidability problem for graded¨-calculus is EXPTIME-complete -not harder than the decidability problem for¨-calculus, even when the numbers in the graded modalities are coded in binary.
Introduction
In classical logic, existential and universal quantifiers express that there exists at least one individual satisfying a formula, or that all individuals satisfy a formula. In many logics, these quantifiers have been generalized to express that, for a non-negative integer -calculus formulas are written in positive normal form (negation is applied only to atomic propositions). Formally, given a set of atomic propositions, a set § ! # "
of propositional variables, and a set $ " & % ( ' of (atomic) programs, the set of formulas of the graded
4
-calculus is the smallest set such that the following holds. . The degree of a tree is the maximum degree of a node in the tree. A node is a leaf if it has no children. A path 
Graded Automata
Automata over infinite trees (tree automata) run over Q -labeled trees that have no leaves [Tho90] . Alternating automata generalize nondeterministic tree automata and were first introduced in [MS87] . For simplicity, we refer first to automata over binary trees (i.e., when The above transition illustrates that several copies may go to the same direction and that the automaton is not required to send copies to all the directions. 
Graded Alternating Parity Tree Automata

¡
. So, while nondeterministic tree automata send exactly one copy to each child, graded automata can send several copies to the same child, they have 8 t ransitions, and extend symmetric automata [JW95, Wil99] by specifying the number of children that need to satisfy an existential requirement or are exempt from satisfying a universal one.
Formally, a graded automaton is a tuple 
is guarded and the formula
is not guarded. Given a graded¨-calculus formula, we can construct, in linear time, an equivalent guarded formula (see [BB87, KVW00] for a proof for¨-calculus, which is easily extendible to graded¨-calculus). Accordingly, we assume that all formulas are guarded. This is essential for the correctness of the construction in the proof.
and, for every
Graded Nondeterministic Parity Tree Automata
For an integer
. For a set , a subset We consider two special cases of GNPT.
-In forall automata, for each 
The Nonemptiness Problem for GAPT
In this section we solve the nonemptiness problem for GAPT and conclude that the decidability problem for graded 4 -calculus can be solved in EXPTIME. We first translate GAPT to GNPT, and then solve the nonemptiness problem for GNPT.
From GAPT to GNPT
Consider a GAPT 
The nonemptiness problem for GNPT
In a nondeterministic parity tree automaton true. In parity automata, the algorithm is more complicated, as one has to also keep track of the acceptance condition, but the same local test is used. Several nonemptiness algorithms for nondeterministic parity tree automata are known. In particular, the algorithms in [EJS93, KV98] -calculus is known to be EXPTIME-hard [FL79] .
Corollary 1. The satisfiability problem for graded
-calculus is EXPTIME-complete even if the numbers in the graded modalities are coded in binary.
Note that the space and time bounds in Lemma 1 stay valid for counting constraints that involve richer bounds than is the tree we seek, and is satisfied in its root 8 .
